We present a smooth, complete toric threefold with no nontrivial nef line bundles. This is a counterexample to a recent conjecture of Fujino.
Let ∆ be the fan obtained from Σ by successive stellar subdivisions along the rays spanned by v 9 = (0, 0, −1), v 10 = (0, 0, 1), and v 11 = (1, 0, 1), v 12 = (0, 1, 1), v 13 = (−1, 0, 1), v 14 = (0, −1, 1).
We claim that X = X(∆), the toric threefold corresponding to the fan ∆ with respect to the lattice Z 3 ⊂ R 3 , is smooth and complete and that X has no nontrivial nef line bundles. It is easy to check that |∆| = R 3 , so X is complete, and that each of the 24 maximal cones of ∆ is spanned by a basis for Z 3 , so X is smooth. It remains to show that X has no nontrivial nef line bundles.
Suppose D = d i D i is a nef Cartier divisor, where D i is the prime Tinvariant divisor corresponding to the ray spanned by v i . Since nef line bundles on toric varieties are globally generated, O(D) has nonzero global sections. Therefore we may assume that D is effective, i.e. each d i ≥ 0. We will show that D = 0. Note that v 2 , v 5 , v 6 is a cone in ∆, and
It then follows from the convexity of the piecewise linear function Ψ
Adding the four above inequalities, we have
Since all of the d i are nonnegative, it follows that d i = 0 for 1 ≤ i ≤ 8. Since v 1 , . . . , v 8 positively span R 3 , we have P D = {0}, and hence D = 0.
The above argument shows that any complete fan in R 3 containing the cones v 2 , v 5 , v 6 , v 3 , v 6 , v 7 , v 4 , v 7 , v 8 , and v 1 , v 5 , v 8 corresponds to a complete toric variety with no nef line bundles. In particular, stellar subdivisions of the remaining cones in ∆ lead to examples of smooth, complete toric threefolds with arbitrarily large Picard number and no nontrivial nef line bundles.
